By using an infinitely many critical points theorem, we study the existence of infinitely many solutions for a fourth-order nonlinear boundary value problem, depending on two real parameters. No symmetric condition on the nonlinear term is assumed. Some recent results are improved and extended.
Introduction
In this paper, we consider a beam equation with nonlinear boundary conditions of the type:
where λ, μ are two positive parameters, f , h are two L  -Carathéodory functions, and g ∈ C(R) is real function. This kind of problem arises in the study of deflections of elastic beams on nonlinear elastic foundations. The problem has the following physical description: a thin flexible elastic beam of length  is clamped at its left end x =  and resting on an elastic device at its right end x = , which is given by g. Then the problem models the static equilibrium of the beam under a load, along its length, characterized by f and h. The derivation of the model can be found in [, ] . Fourth-order boundary value problems modeling bending equilibria of elastic beams have been considered in several papers. Most of them are concerned with nonlinear equations with null boundary conditions; see [-] . When the boundary conditions are nonzero or nonlinear, fourth-order equations can model beams resting on elastic bearings located in their extremities; see for instance [, , -] and the references therein. More precisely, in [], using variant fountain theorems, the author obtains the existence of infinitely many solutions for problem (.) with λ =  and μ =  under the symmetric condition and some other suitable assumptions of the nonlinear term f .
Motivated by the above works, in the present paper we establish some multiplicity results for problem (.) under rather different assumptions on the functions f , h and g. It is worth noticing that in our results neither the symmetric nor the monotonic condition on the nonlinear term is assumed. We require that f has a suitable oscillating behavior either at infinity or at zero. In the first case, we obtain an unbounded sequence of solutions http://www.boundaryvalueproblems.com/content/2014/1/191 (Theorem .); in the second case, we obtain a sequence of nonzero solutions strongly converging at zero (Theorem .), which improve and extend the results in [] .
The remainder of this paper is organized as follows. In Section , some preliminary results are presented. In Section , we give the proofs of our main results. 
Variational setting and preliminaries
ϕ(r) := inf u∈ - (-∞,r) (sup u∈ - (-∞,r) (v)) -(u) r -(u) , γ := lim inf r→+∞ ϕ(r) and δ := lim inf r→(inf E ) + ϕ(r).
Then the following properties hold:
(a) For every r > inf E and every λ ∈ (, /ϕ(r)); the restriction of the functional Let E be the Hilbert space
with the inner product and norm 
Definition . We say that a function u ∈ E is a weak solution of problem (.) if
Main results
In this section we establish the main abstract results of this paper. Let
where α, β are given by (A), c is a positive constant, and d(x), e(x) are given by (A). http://www.boundaryvalueproblems.com/content/2014/1/191
Assume that (A) there exist constants α, β >  and σ ∈ [, ) such that
is a nonnegative function satisfying the condition
where μ H,λ = +∞ when H ∞ = , for every μ ∈ [, μ H,λ ) problem (.) has an unbounded sequence of weak solutions in E.
Proof Obviously, it follows from (A) that λ  < λ  . Fixλ ∈ (λ  , λ  ). Sinceλ < λ  , we have
Now fixμ ∈ (, μ H,λ ) and set
Let the functionals , : E → R be defined by
where
Using the property of f , h and the continuity of g, we obtain , ∈ C  (E, R) and for any
v ∈ E, we have
So, with standard arguments, we deduce that the critical points of the functional I¯λ ,μ are the weak solutions of problem (.) and so they are classical. We first observe that the functionals and satisfy the regularity assumptions of Theorem ..
First of all, we show thatλ <  γ
. Let {ξ n } be a sequence of positive numbers such that lim n→+∞ ξ n = +∞ and
Set r n :=  S ξ  n for all n ∈ N. Then, for all v ∈ E with (v) < r n , taking (.) into account, one has v ∞ < ξ n . Note that () = () = . Then, for all n ∈ N,
Since lim n→+∞ ξ n = , from the assumption (A) and the condition (.), we have
and combining the assumptionμ ∈ (, μ G,λ ), we obtain
This implies that
Letλ be fixed. We claim that the functional I¯λ ,μ is unbounded from below. Since
there exist a sequence {η n } of positive numbers and τ >  such that lim n→+∞ η n = +∞ and
, for each n ∈ N large enough. For all n ∈ N we define v n by
From the condition (A), it is easy to verify that v n ∈ E. For any n ∈ N, one has
On the other hand, by (A) and since H is nonnegative, from the definition of , we infer
By (.) and (.), we have
for every n ∈ N large enough. Since σ < ,λτ >  and lim n→+∞ η n = +∞, we have
Then the functional I¯λ ,μ is unbounded from below, and it follows that I¯λ ,μ has no global minimum. Therefore, by Theorem .(b), there exists a sequence {u n } of critical points of I¯λ ,μ such that . We can choose
Remark . Under the conditions A =  and B = +∞, from Theorem . we see that for every λ >  and for each μ ∈ [,  SH ∞ ), problem (.) admits a sequence of classical solutions which is unbounded in E. Moreover, if H ∞ = , the result holds for every λ >  and μ > .
Then, for any L
 -Carathéodory function h : [, ] × R → R, whose potential H(x, u) := u  h(x, s) ds for all (x, u) ∈ [, ] × R,
is a nonnegative function satisfying the condition (.), if we put
where μ H = +∞ when H ∞ = , the problem
has an unbounded sequence of weak solutions for every μ ∈ [, μ H ) in E.
Corollary . Under the assumptions of Corollary ., for any nonnegative continuous function h : [, ] → R, the problem
has infinitely many distinct weak solutions in E.
Now, let
A := lim inf
Moreover, assume that (A) and
are satisfied. Then, for every λ ∈ (λ  ,λ  ) and for any L  -Carathéodory function h :
is a nonnegative function satisfying the condition
whereμ H,λ = +∞ when H  = , for every μ ∈ [,μ H,λ ) problem (.) has a sequence of weak solutions, which strongly converges to zero in E.
Proof It follows from (A) thatλ  <λ  . Fixλ ∈ (λ  ,λ  ). Sinceλ <λ  , we have
Now fixμ ∈ (,μ H,λ ) and set
We take , , and I¯λ ,μ as in the proof of Theorem .. Now, as has been pointed out before, the functionals and satisfy the regularity assumptions required in Theorem .. As http://www.boundaryvalueproblems.com/content/2014/1/191 for every n ∈ N large enough. Thus, since
we see that zero is not a local minimum of I¯λ ,μ . This, together with the fact that zero is the only global minimum of , we deduce that the energy functional I¯λ ,μ does not have a local minimum at the unique global minimum of . Therefore, by Theorem .(c), there exists a sequence {u n } of critical points of I¯λ ,μ , which converges weakly to zero. In view of the fact that the embedding E → C([, ]) is compact, we know that the critical points converge strongly to zero, and the proof is complete. . Furthermore, the conditions (A) and (A) are satisfied. Let g(u) = -u  . Then (A) holds. Therefore, by Theorem ., we find that problem (.) has a sequence of weak solutions which strongly converges to zero in E for all λ ∈ (λ  ,λ  ).
